Abstract. The constructionof quadraticC 1 surfacesfrom B-spline control points is generalized to a wider class of control meshes capable of outlining arbitrary free-form surfaces in space. Irregular meshes with non quadrilateral cells and more or fewer than four cells meeting at a point are allowed so that arbitrary free-form surfaces with or without boundary can be modeled in the same conceptual frame work as tensor-product B-splines. That is, the mesh points serve as control points of a smooth piecewise polynomial surface representation that is local, evaluates by averaging and obeys the convex hull property. For a regular region of the input mesh, the representation reduces to the standard quadratic spline. In general, any surface spline can be represented by Bernstein-B ezier patches of degree two and three. According to the user's choice, these patches can be polynomial or rational, three-sided, four-sided or a combination thereof.
1. Introduction. Splines assembled from B-splines are widely used to represent functions and surfaces. They combine a low degree polynomial or rational representation of maximal smoothness with a geometrically intuitive variation of the surface in terms of the coe cients: by connecting the coe cients one obtains a mesh that roughly outlines the surface. Repeated re nement of this mesh by knot insertion results in a sequence of meshes whose points are averages of the preceding and whose limit is the surface itself. In addition to an elegant algebraic de nition this yields an alternative geometric characterization of the splines useful for establishing many shape properties of spline surfaces. But the tensor product B-spline representation has a major shortcoming. It cannot model certain real world objects without singularity in the parametrization, because, like a shing net, each point in the interior of the B-spline mesh must be regular, that is surrounded by exactly four quadrilateral mesh cells. This makes it impossible to choose for example the boundary mesh of a cube as input and in fact restricts the topological type of the objects that can be modeled by the splines. Even if the object is a deformation of the plane, say a cube attached to a plane, and can thus in principle be outlined by a regular mesh, it may be more natural to join three or ve quadrilateral mesh cells at the top and base points of the cube or to use non quadrilateral cells to model the feature. Using trimmed (non uniform rational B-) splines does not solve this problem since the trimming destroys one of the chief advantages of the B-spline representation, its built-in smoothness so that one ends up with the tricky task of smoothly joining the trimmed pieces. The goal is therefore to devise a representation that removes the regularity restrictions from the input mesh and yields a uni ed approach to surface modeling. The approach should reduce to the B-spline paradigm wherever the mesh is regular and have the following additional properties.
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y Department of Computer Science, Purdue University, W-Lafayette IN 47907-1398 (jorg@cs.purdue.edu). 1 -free-form modeling capability. There are no restrictions on the number of cells meeting at a mesh point or the number of edges to a mesh cell. Mesh cells need not be planar. -built-in smoothness (unless explicitly reduced) and local smoothness preserving editability. For given connectivity and shape parameters, surface splines form a vector space of geometrically smooth surface parametrizations. In order to manipulate surface splines, it su ces to add, subtract or move the mesh points locally. -low degree parametrization. The surface is parametrized by low degree polynomial patches. The representation can be extended to rational patches by using a fourth coordinate. -simple interpolation. Interpolation of input mesh points and normals can be done without solving a system of constraints. -evaluation by averaging. The coe cients of the parametrization in Bernstein-B ezier form can be obtained by applying averaging masks to the input mesh. (The Bernstein-B ezier form in turn is evaluated by averaging.) Thus the algorithm is local and can be interpreted as a rule for cutting an input polytope such that the limit polytope is the spline surface. -convex hull property. The surface lies locally and globally in the convex hull of the input mesh. In other words, every point on the surface can be computed as a sum of the mesh points with coe cients that are positive and sum to one. -intuitive shape parameters. The averaging process is geometrically intuitive.
Parameters analoguous to knot distances govern the depth of the cuts into the polytope outlined by the control mesh. (In concave regions the complement of the polytope is cut.) Smaller cuts result in a surface that follows the input mesh more closely and changes the normal direction more rapidly across the boundary. In the limit this allows adjusting the built-in smoothness, e.g. reducing it to continuity for zero cuts. Discontinuity can be achieved by a change of mesh connectivity. -taut interpolation of the control mesh for zero blend ratios. Cuts of zero depth result in a singular parametrization at the mesh points analogous to singularities of a spline with repeated knots. The continuity of the surface is reduced, but in return the edges of the input mesh are interpolated and the surface is taut, e.g. planar when the mesh cell is planar. In summary, one would like a representation that departs as little as possible from the widely used non uniform rational B-spline standard and combines the intuitive cutting paradigm (see e.g. 4]) with a low degree parametrization.
The representation described in this paper generalizes the quadratic C 1 spline paradigm for both tensor-product B-splines and four-direction box splines: the input mesh serves as control mesh and blend or cut ratios act like knot spacings. The resulting surface is parametrized by Bernstein-B ezier patches that are, according to the user's choice, polynomial or rational, three-sided, four-sided or a combination thereof. (For details on the Bernstein-B ezier form and box spline form see 3], 12] and 5]. The three-sided and mixed surface spline developed in this paper satisfy all the above properties. If the user chooses to model using only four-sided patches, then, at vertices with 2n > 4 neighbors, smoothness is traded for simplicity and low degree and in general only the residual of the smoothness constraints is minimized at the vertex. For surfaces built from three-sided patches or a combination of threesided and four-sided patches, the surface is guaranteed to be tangent plane continuous everywhere.
Related work. The present method de nes a spline space over irregular meshes by local averaging as do the algorithms in 23], 24] and 20]. The rst of the three earlier algorithms contributes the idea of mesh re nement to separate irregular vertices, the second adds the quadratic spline representation and the third gives a recipe for obtainig a quadratic curve mesh. The main improvements of the present over the earlier algorithms are as follows.
- 16] have constructed smooth surfaces from meshes of data, the latter even with kth order continuity. These approaches di er from the present in that local constraint systems have to be solved to enforce patch to patch smoothness which make it di cult to predict the shape of the resulting surface; surface splines, in contrast, have explicit formulas and built-in continuity. Free-form surface splines based entirely on four-sided patches generalize the construction of 32, Section 3.5] to the case where n > 4 patches meet at a mesh point; the representation based on three-sided patches can be viewed as a special case of 21] using a well-chosen mesh of quadratic boundary curves as input. Overview. The remainder of the paper consists of the de nition and the proof of properties of the rst-order free-form surface splines. Section 2 de nes the splines in terms of their Bernstein-B ezier representation. Section 3 establishes the continuity and vector space properties of the splines. Section 4 establishes some shape properties of the resulting surfaces. Section 5 summarizes and the Appendix illustrates the representation.
2. An algorithm for re ning an irregular mesh of points into a C 1 surface. Analogous to tensor product splines, a surface spline is de ned by -mesh points -mesh connectivity -blend ratios (knot spacings) and an evaluation algorithm. Since the evaluation of polynomials in Bernstein-B ezier form is well known, it su ces to express the free-form surface spline in terms of the Bernstein-B ezier form. Below, this basis conversion is given a six step, geometrical interpretation. Steps 1-3 generate a re ned mesh consisting of quadrilateral subcells and such that each original vertex is surrounded by vertices of degree four. Steps 4,5 and 6 generate the surface parametrization and depend on the user's choice of three-sided or four-sided or mixed patch representation. The input to the algorithm is any mesh of points outlining a surface such that at most two mesh cells abut along any edge. The mesh may model a bivariate surfaces with or without boundary and of arbitrary topological genus (see 24] for a discussion of boundary conditions). Mesh cells need not be planar. Two additional properties of the input mesh are desirable and can be enforced by local preprocessing where necessary, e.g. by dividing o ending cells (cf. Fig 5.4 ).
-local degree-boundedness: If V is a vertex of the cell c, and n and m are the number of neighbor of V and c respectively, then minfn; mg < 5. Thus, if a cell has many edges, its vertices should have few neighbors. -projective convexity: For each cell, there exists a projection of the cell vertices into a plane such that none of the projected vertices lies in the convex hull of the projected vertices. Local degree-boundedness keeps the construction local and of least degree. Projective convexity is necessary to preserve the design intent, for example when an input cell is a facet of a boundary representation and has inner loops or holes. Such a cell has to be broken up to prevent the inner loops from being covered by the surface. For each vertex i of a cell, there are two scalar weights 0 < a ij < 1, j = 1; 2, called blend ratios. Geometrically, smaller ratios result in a surface that follows the input mesh more closely and changes the normal direction more rapidly close to the mesh edges (cf. Fig 5. 3). The default is a ij := 1=2. Algebraically, blend ratios play a role similar to relative knot spacings. Thus a ij = 0 allows modeling sharp edges and to interpolate the mesh edges. The blend ratios of each cell may be modi ed independently from each other and other cells.
The output is a surface that follows the outline of the input mesh and consists, depending on the user's choice of surface representation, of either (a) no more than 8e quadratic or cubic, three-sided patches that form a C 1 surface, where e is the number of edges of the input mesh; or (b) no more than 2e biquadratic or bicubic, four-sided patches that form a C 1 surface except possibly at vertices and faces with 2n > 4 neighbors (see Theorem 3.5); or (c) a combination of biquadratic, four-sided patches covering regular mesh regions and cubic, three-sided patches for the remaining regions.
In the following, all coe cients V , C, P, etc. are points in space. All indices are interpreted modulo n.
Step 
Step 2: Edge cutting. For each subcell c i label the vertices V 1 ; V 2 ; V 3 ; V 4 in order, starting with the input mesh point, and de ne a preliminary subcell center C 0 i subject to the blend ratios 0 < a i1 ; a i2 < 1 as the average C 0
Next derive subcell centers C i from the C 0 i such that all (C i + C i+1 )=2 surrounding a vertex lie in the same plane. For each vertex V surrounded by less than ve cells, the subcell center is C i = C 0 i . For each vertex V surrounded in clockwise order by more than four cells c 1 ; c 2 ; : : :; c n , the cell center corresponding to c i is
where V := 1 n P C 0 i ; and 0 < ! n < 1 with default ! ?1 n := 1 + cos 2 n ; if n is even 2 cos n ; if n is odd . If V is to be interpolated, set V = V instead. 
The output of Step 3 is a re ned mesh such that three points are associated with each cell edge. These can be interpreted as the Bernstein-B ezier coe cients of a quadratic curve segment. Note that each coe cient lies in the same plane as the surrounding A i 's.
The remaining three steps depend on the user's choice of three-sided or four-sided or mixed patch representation.
Surface splines based on three-sided patches.
V
Step 5T: Degree raising. The quadratic patches are reinterpreted as cubic patches using the following formulas ( ed coe cients are recomputed in Step 6T) Step 6T: Twist Adjustment. At a vertex V = P 030 = Q 020 surrounded by n quadrilateral cells, set c := cos( Finally, counting with j around the four-neighbor vertex Q 002 , average P 102;j = P 012;j?1 := (P 111;j + P 111;j+1 )=2; P 003;j := (P 102;0 + P 102;2 )=2:
Steps 5T and 6T are not necessary if n = 4.
Surface splines based on four-sided patches.
Step 4R: Quadratic Patching. Associated with each subcell are four vertex, four edge and one center coe cient that may be interpreted as the Bernstein-B ezier coe cients of a biquadratic patch. For example, four of the coe cients are Q 00 = V , Q 10 = A i , Q 01 = A i+1 and Q 11 = C i .
Step 5R: Degree raising. For each subcell, the associated biquadratic patch is rewritten as a bicubic patch. That is, P 00 P 10 P 20 P 30 P 01 P 11 P 21 P 31 P 02 P 12 P 22 P 32 P 03 P 13 P 23 P 33 Step 6R: Twist Adjustment. For each vertex V surrounded clockwise by patches p i , i = 1::n, let V = P 00;i and P 01;i?1 = P 10;i and de ne Surface splines based on three-sided cubics joining biquadratic patches.
To join a three-sided patch p smoothly to a biquadratic four-sided patch q (that corresponds to a regular part of the mesh; see Remark 3.8 for the more general case), denote as Q 00 , Q 10 , and Q 20 the coe cients of the common quadratic boundary and as Q 11 the center coe cient of the biquadratic patch. Patch p is constructed by steps 4T and 5T as usual but the perturbation step determines the center coe cient as follows.
Step 6M: Twist Adjustment. P 111 = Q 10 + 1 3 ( Q 20 + Q 00 2
? Q 11 ):
The join allows lling n-sided holes in a biquadratic tensor-product spline surface with three-sided cubic patches. A hole is rst divided into n quadrilateral cells. Then each cell is covered by four three-sided, cubic patches. Since the center coe cients of the cubic patches attached to the 2n-valent central vertex are not edge-adjacent to the biquadratic patches, they need only be adjusted as in Step 6T. p = q ' and D 1 p = D 1 (q ') along E p where '(E p ) = E q , E p and E q are edges of p and q respectively. D 1 denotes di erentiation in the direction perpendicular to E p and ' maps interior points of q to exterior points of p thus avoiding cusps. We prove oriented tangent plane continuity rst for the construction with three-sided patches, then for the construction with foursided patches and nally for the mixed construction. We prepare the result with two lemmas. The rst records the mesh structure after the re nement step.
Lemma 3.1. Steps 1{3 generate a mesh of quadrilaterals bounded by quadratic curves and such that at least one vertex of every edge has exactly 4 neighbors. By Lemma 3.1 and Step 4T, each three-sided patch has one vertex with eight neighbors and one vertex with four neighbors. Therefore, the central coe cient P 111 is associated with at most one vertex that is neither 8-valent nor 4-valent. The arrows in the diagram below indicate this association. ( labels the degree-raised boundaries generated by Step 5T, the averaged coe cients of the interior boundaries and , represents the central coe cient P 111 constructed in Step 6T.) The rst and the third equation hold by Lemma 3.2, the second is checked by substitution. That is, the total residual 2 P n j=1 (?1) j E j , a multiple of E(V ), is equally distributed over the patch boundaries emanating from the vertex. Theorem 3.9. C 1 surfaces generated from input meshes with the same connectivity, choice of three-sided and four-sided patches, and blend ratio for each subcell form a vector space.
Proof. Two surfaces generated from input meshes with the same connectivity have a natural correspondence of patches. Consider two smoothly abutting patches p i and q i , i = 1; 2 of the ith surface. The connecting map depends only on the connectivity of the mesh via c. Identifying the open neighborhood of the edges E p;1 and E p;2 as E p , there is a single connecting map ' such that p i = (q i ') and D 1 p i = D 1 (q i ') along E p : Consequently, if p 0 := 1 p 1 + 2 p 2 and q 0 := 1 q 1 + 2 q 2 , then p 0 = (q 0 ') and D 1 p 0 = D 1 ( 1 p 1 + 2 p 2 ) = 1 q 1 ' + 2 q 2 ' = D 1 (q 0 ') along E p as claimed.
As pointed out in the next section, coalescing knots results in a reduction of the smoothness of the spline in the associated directions. Breaks can be modeled by meshes with boundary. Spreading the xy-coordinates in the plane and choosing all z coordinates of the mesh equal to zero except for one, generates a hump familiar from B-splines. By the convex hull property, Proposition 4.2, these basis functions form a nonnegative partition of unity. 4 . Shape properties of the resulting surface. This section establishes the convex hull property of surface splines. Additionally it is shown that surfaces are at in the neighborhood of a mesh point if and only if the mesh is locally at and that the edges of the input mesh are interpolated and thus the outlines of the input polytope recaptured when the blend ratios are zero. Additionally it is shown that the centroid of an input mesh cell is interpolated, if the blend ratios of the cell are all equal.
The following lemma contains the essence of the proof of the convex hull property. The contraction by ! n 2 ( n , if n is odd, then the maximum is 2 cos n . Since all coe cients are computed as convex averages of the C i and the C i themselves are convex combinations of the input mesh points, the following proposition holds. is outside the cube. This problem can be xed using higher degree or more patches, but at this point I prefer to keep the construction simple and the degree low. Proof. Let P(n) be the component of P normal to the tangent plane at V . If V i (n) 6 = 0 for some i, then the curvature of the ith boundary curve is nonzero. Conversely, if all V i lie in the tangent plane, then all boundary curves are coplanar. In the case of four-sided patches this implies E i (n) = 0 and hence P 11;i (n) = 0. In the case of three-sided patches this implies P 111;i (n) = 1+c 6 V i (n) = 0. Zero cut ratios result in a singular parametrization at the input mesh point. Just as for B-splines with coalesced knots, the degree of smoothness drops by one. This has also a desirable consequence in that the C 1 surface degenerates into a C 0 surface that tightly interpolates the input mesh. To model with the vector space it is good to know that the resulting surfaces can interpolate certain averages of the input data even if the interpolation is not forced in
Step 2 by setting V = V . Proposition 4.6. Let a i;j , i = 1::n, j = 1; 2 be the blend ratios and C i the centers of the n subcells surrounding a cell centroid V . If a i;j = a j and C i = C 0 i , then the surface generated by the algorithm interpolates the cell centroid.
Proof. Let V i be the vertices of the cell.
Step 3 determines the vertex of the re ned mesh corresponding to the cell as In the particular case, the bracketed expression sums to one. Since V is a vertex coe cient of the patches meeting at V it is interpolated. Thus a uniform choice of blend ratios su ces to interpolate for example the centroids of a cube while remaining within the convex hull of the input mesh. The mesh is a boundary representation generated by a solid modeler. In the top display, the mesh is approximated using exclusively four-sided patches. In the bottom display, the mesh is interpolated using the local interpolation provided in Step 2 of the algorithm. For variety, a mixed representation is chosen for the bottom surface. The mesh could have just as well been interpolated with four-sided patches only. Figure 5 .3, a multicube constructed from three-sided patches, illustrates selective blending. The overall blend ratio is 0:1. However, at the upper right edge the ratio is set to 0:0 to obtain a sharp edge that interpolates the input edge and on the left edge of the left cube the ratio is 0:25 so that the suitcase corners are more rounded than the rest of the object. 6. Conclusion. The algorithm in Section 2 de nes a surface representation that generalizes quadratic C 1 splines. It smoothes a general, regular or irregular mesh of points into a C 1 surface parametrized according to the user's choice by quadratic and cubic three-sided patches, biquadratic and bicubic four-sided patches, or biquadratic and cubic patches. In the case of a purely four-sided representation some continuity and shape properties are traded for low degree and simplicity of construction. Also, the convex hull property does not hold for all blend ratios. Where the mesh is regular, the surface is quadratic. Input meshes with the same connectivity and the same blend ratio for corresponding cells give rise to a vector space of surface splines. This and the convex hull property are useful for approximating and locally editing the spline surface. The role of the knot spacing is played by geometrically intuitive blend ratios. Zero blend ratios result in a C 0 surface that tightly interpolates the input mesh. It is possible to interpolate the input mesh without solving a global sparse system of equations analoguous to interpolation by a quadratic spline at every second knot.
Due to the built-in smoothness, the representation reduces the number of unknowns for such problems as shape improvement of smooth surfaces and related differential equations on surfaces. Integrals and derivatives can be determined for the Bernstein-B ezier representation whose coe cients in turn are de ned in terms of the control mesh and the blend ratios. Free-form surface splines can be used to smooth and blend the boundary representation of a solid model.
